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This article presents a quasiclassical trajectory method for the calculation of cumulative reaction
probabilities by sampling of the helicity quantum number of the reagents (k). The method is
applied to the D + H2 reaction at various total angular momentum (J) values, and the helicity-
resolved quasiclassical cumulative reaction probabilities are compared to their quantum
mechanical counterparts. The agreement between the two sets of results is fairly good. In
particular, k-dependent, J-independent reaction thresholds found with quantum methods are
reproduced by the quasiclassical calculations. The shift of these thresholds with increasing k,
which has been previously attributed to the quantum bottleneck states taking part in the reaction,
is revisited and discussed also in terms of the reaction stereodynamics.
1. Introduction
The cumulative reaction probability (CRP) is a quantity that
provides a convenient link between the dynamics of an
elementary reaction and its rate as described by transition
state theory. Its usage was ﬁrst advocated by Miller, who in
the seventies showed that the CRP can be understood as the
eﬀective number of reagent states that lead to product forma-
tion at a given energy.1–5 In general, the CRP is predicted to
increase with energy in a more or less smooth but stepwise
fashion, with the consecutive steps arising because of the
involvement of consecutive, quantized energy levels of the
activated complex in the reaction dynamics.6 The information
about these quantized transition states (the so-called quantum
‘‘bottleneck’’ states) was made more quantitative in later work
by Truhlar and coworkers,7–10 who have shown that derivative
of the CRP with respect to the energy can be associated with
the density of reactive states (DRS) and in particular that for
the H3 system the DRS has an undulatory structure that can
be assigned to quantized transition states—the quantum
bottlenecks.
In a recent series of papers on the role of quantum bottle-
neck states in the dynamics of direct chemical reactions,
Skodje, Yang and co-workers have indicated that their eﬀects
on reactive processes might be observable in reﬁned experi-
ments.11–16 Indeed, the same authors have recently reported
experimental observation of the eﬀects of quantum bottleneck
states on the state-to-state dynamics of the D+H2-HD+H
reaction.14,15 Their experiments were conducted alternately
with p-H2(j = 0) or n-H2(j = 0, 1) molecules under otherwise
identical conditions. This has allowed for the extraction of the
diﬀerential cross sections of the D + H2(v = 0, j = 0) and
D+H2(v=0, j=1) reactions, which in turn has allowed for a
comparison of the rotational state distributions of HD pro-
ducts scattered in the backward direction by either of the two
reactions. The two product rotational state distributions were
found to diﬀer, and the diﬀerences were attributed to reaction
via diﬀerent quantum bottleneck states, with the vibrational
angular momentum quantum number of the bottleneck state
matching the helicity quantum number of the H2 reagent.
In this article we revisit that problem using not only
quantum but also quasiclassical methods. First, we describe
an extension of the methodology recently proposed by Aoiz
et al.17 for the determination of CRPs from quasiclassical
trajectory data; the purpose of the extension is to allow for
calculation of the dependence of the CRP on k, the reagent
helicity quantum number. Next, we present results from the
application of the quasiclassical method to the D+H2-HD
+H reaction and compare them to accurate quantum results.
Although in the classical treatment there are no bound
states at the barrier that can be associated with quantum
bottlenecks, the quasiclassical CRPs and DRSs are generally
found to be in fairly good agreement with their quantum
counterparts. The discussion of this ﬁnding gives special
attention to the stereodynamical signiﬁcance of the depen-
dence of the CRP on the reagent helicity and to whether the
results of ref. 14 can be rationalized in terms of stereodyna-
mical constraints rather than quantum bottleneck states.
2. Theory and calculations
The main purpose of this section is to describe the quasiclas-
sical method used for the calculation of cumulative reaction
probabilities (CRPs). As this method bears several similarities
to its quantum counterpart, we start the section with a review
of how quantum CRPs are calculated. This is followed by a
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presentation of the quasiclassical method that focuses on the
distinctions between the quasiclassical and quantum methods.
In either case we will restrict our attention to atom–diatom
reactions at a ﬁxed total energy (E). The internal states of
reagents and products are described in terms of vibrational,
rotational and helicity quantum numbers (v, j and k for
reagents, v0, j0 and k0 for products). We will also use the
symbols J (total angular momentum quantum number), c
(orbital angular momentum quantum number of the reagents)
and I (triatomic parity, I = 1).
Presentation of the equations used for calculation of quan-
tum and quasiclassical CRPs is followed by brief discussions
of the methods used for determination of densities of reactive
states (DRSs) and in the dynamical calculations.
2.1 Quantum CRPs
We start by considering the reaction probability at a ﬁxed total
angular momentum, summed over product states but resolved
with regard to reagent state. It is related to the elements of the
helicity-representation scattering matrix (S) by
PJvjkðEÞ ¼
X
v0;j0;k0
jSJv0j0k0;vjkj2; ð1Þ
where the summation runs over all product states that can be
produced at the given total energy. Note that we are implicitly
assuming a single arrangement for the products; if the number
of possible product arrangements is larger the summation of
eqn (1) must also run over all product arrangements. For
simplicity, we have dropped the arrangement index from the
notation.
Cumulative reaction probabilities are obtained by summa-
tion of the reaction probability of eqn (1) over reagent states.
Summation over all reagent quantum numbers leads to the
‘‘standard’’ CRP,18
CJr ðEÞ ¼
X
v;j;k
PJvjkðEÞ; ð2Þ
whereas summation over vibrational and rotational quantum
numbers only leads to the helicity-dependent CRP,
CJ;kr ðEÞ ¼
X
v;j
PJvjkðEÞ: ð3Þ
In the following it will also prove useful to deﬁne parity-
dependent CRPs. For this we ﬁrst need parity-adapted scatter-
ing matrices. Their elements, SJIv 0 j 0k 0;vjk, are given by
21
SJIv 0j 0k 0;vjk ¼½ð1þdk0Þð1þdk 00Þ1=2½SJv 0j 0k 0;vjk þ Ið1ÞJSJv 0j 0k 0;vjk
¼½ð1þdk0Þð1þdk 00Þ1=2½SJv 0j 0k 0;vjk þ Ið1ÞJSJv 0j 0k 0;vjk;
ð4Þ
where I = 1 is the triatomic parity and k and k0 satisfy
0  k  minðj; JÞ; ð5Þ
0  k0  minðj; JÞ: ð6Þ
By inspection of eqn (4), it is easy to show that when k and/or
k0 equal zero, all SJI elements with I a (1)J vanish. That is,
SJI elements with k = 0 and/or k0 = 0 appear only in the
I = (1)J parity block.
Using these parity-adapted S elements one can write the
parity-dependent CRP as
CJ;Ir ðEÞ ¼
X
v;j;k
X
v0;j0;k0
jSJIv0j0k0;vjkj2 ð7Þ
where k and k0 can only take values lying in the ranges
speciﬁed by eqn (5) and (6). We also note that taking into
account the equations above along with the symmetry and
unitary properties of the S matrices21 one can show that the
parity-dependent and helicity-dependent CRPs are related by
CJ;Ir ðEÞ ¼ dI ;ð1ÞJ CJ;k¼0r ðEÞ þ
XJ
k¼1
CJ;kr ðEÞ; ð8Þ
which is the last of the formulae necessary for calculation of
the CRPs we will use here.
2.2 Quasiclassical CRPs
In section 2.1 we have seen that once the reaction probabilities
of eqn (1) have been determined, calculation of the CRPs is
straightforward, amounting to no more than summation of
the reaction probabilities over some of its indices—see eqn (2),
(3) and (8). This implies that in order to be able to calculate
quasiclassical CRPs all one needs is a method for the determi-
nation of the quasiclassical analogues of the reaction
probabilities of eqn (1).
The method we use here is similar to that developed in ref.
17 and 19. In those works, the rotational and total angular
momentum quantum numbers of the reagents (j, J) are given
discrete, integer initial values. For each combination of j and J
values, the initial orbital angular momentum quantum number
of the reagents is then uniformly sampled with integer values
in the |j  J| r c r j + J interval. In the present case, the
distinction is that the initial conditions for each trajectory are
sampled by quantizing J, j and k rather than J, j and c; what
we do here is choose the helicity quantum number by uniform
sampling with integer values in the min(J, j)r kr min(J, j)
interval (the technical details of the sampling procedure are
described in the Appendix). With this sampling the reaction
probability at a ﬁxed total angular momentum, summed over
product states but resolved with regard to reagent state, can be
calculated as the ratio between the number of reactive trajec-
tories (Nr) and the total number of trajectories (N) run under
the given set of initial conditions (speciﬁed by the values of E,
J, v, j and k). One has
PJvjkðEÞ ¼
NrðE; J; v; j; kÞ
NðE; J; v; j; kÞ ; ð9Þ
which is the quasiclassical counterpart of eqn (1). Once this
quantity is determined, the quasiclassical CRPs reported here
are calculated from it through use of eqn (2), (3) and (8).
2.3 Quantum and quasiclassical DRSs
The DRS is the derivative of the CRP with respect to the
energy. Quantum or quasiclassical, all DRSs reported here
were obtained through numerical diﬀerentiation of the corre-
sponding CRPs. They will be denoted by rJr(E), r
Jk
r (E) or
rJIr (E) depending on whether they were obtained via
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diﬀerentiation of CJr(E), C
Jk
r (E) or C
JI
r (E). These are, respec-
tively, the CRPs of eqn (2), (3) and (8).
2.4 Dynamical calculations
All dynamical calculations were run with the BKMP2 poten-
tial energy surface by Boothroyd et al.20 For the quantum
scattering calculations we have used the coupled-channel
hyperspherical coordinate method of Skouteris et al.21 Con-
verged CRPs were obtained for J= 0–3 at total energies up to
1.77 eV and with a basis set including all D + H2 and HD +
H channels with diatomic energies up to Emax = 3.2 eV; this
implied vmax = 7 and jmax = 25.
The QCT calculations were done in batches of 106 trajec-
tories, for selected J values and with total energy values in the
0.5–1.75 eV range. Each individual trajectory was integrated
between initial and ﬁnal points at which the distance between
the atom and the center of mass of the diatomic was 8 A˚; the
integration time step (0.05 fs) was such that energy conserva-
tion was better than 1 in 105. The initial rovibrational energies
were calculated semiclassically using the asymptotic diatomic
potential energy of the PES; they agree with their exact,
quantum counterparts to within four signiﬁcant ﬁgures.
3. Results and discussion
As this is the ﬁrst publication reporting quasiclassical helicity-
dependent CRPs, we start the presentation of our results with
a comparison between the k-dependent and c-dependent
quasiclassical CRPs (the latter were obtained as described in
ref. 17). This is done in Fig. 1, where we have plotted the J= 1
cases of the two CRPs and their derivatives (the DRSs).
Within statistical error, the quasiclassical CRPs and DRSs
calculated with c or k quantization are found to be identical.
We now turn to the comparison between quantum and
quasiclassical data, starting with the k = 0 helicity-dependent
CRPs and DRSs at J= 3; they are shown on Fig. 2. The main
ﬁnding here is that the two theoretical approaches result in
very similar CRPs. In either case one observes a monotonic
rise with an unpronounced step-like modulation. As seen in
the lower panel of the ﬁgure, the DRS also exhibits a rise,
albeit with an oscillatory structure superimposed on it. The
structure in the quantum DRS is very similar to that pre-
viously obtained for rJr(E), the DRS summed over helicity
states,10,12,17 whose maxima have had their locations identiﬁed
with the energies of the reaction’s quantum bottleneck states.10
The quasiclassical oscillations reproduce approximately the
trend of the quantum results, although the positions and
intensities of the maxima and minima are not entirely
coincident.
Fig. 3 is similar to Fig. 2, except that the value taken for the
helicity quantum number is k = 2. Quantum and quasi-
classical CRPs and DRSs relate to each other as in the
previous case, the only clear distinction being that all curves
(CRPs and DRSs, quantum and quasiclassical) have their
threshold shifted by about 0.2 eV toward higher energies.
We also note the very good agreement between the classical
and quantum DRSs, which except for the energy shift have
structures rather similar to those found for k = 0.
We extend the QM-QCT comparison by presenting in Fig. 4
all the helicity-dependent CRPs of the D + H2 reaction at
J = 2 and J = 3. It is seen that the agreement between
quantum and quasiclassical data is consistently good. In
particular, the smooth step-like structure of the CRPs and
their shifts in energy with growing k value are almost identical
Fig. 1 Quasiclassical CRPs (top) and DRSs (bottom) obtained for
the D + H2 reaction at J = 1 using orbital angular momentum (J, l)
or helicity (J, k) quantization.
Fig. 2 Quantum and quasiclassical k = 0 helicity-dependent CRPs
(top) and DRSs (bottom) of the D + H2 reaction at J = 3. Open
circles and solid line: QM results. Solid line with error bars: QCT
results.
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in the two sets of calculations. The largest disagreement is
found when k= 0; in this case the quantum CRPs are slightly
larger than their quasiclassical counterparts.
In order to further stress the relevance of the helicity
quantum number for the reaction dynamics, we show on
Fig. 5 all quantum and quasiclassical CRPs at J = 0–3.
Quantum CRPs are plotted on the top panel, quasiclassical
CRPs on the bottom one. What this ﬁgure reveals most clearly
is the striking resemblance between the various helicity-depen-
dent CRPs for a given k value: the four curves for k = 0
(corresponding to J= 0–3) are nearly indistinguishable, as are
the three curves for k= 1 (corresponding to J= 1–3) and the
two curves for k = 2 (corresponding to J = 2–3).
In a recent article,14 Skodje and coworkers have oﬀered an
explanation for the distinctions between product rotational
state distributions obtained experimentally for the D + p-H2-
(j = 0) or D + o-H2(j = 1) reactions at backward scattering
angles. Their explanation was based on the variation of
reactivity thresholds with the helicity quantum number; on
the possibility of distinguishing p-H2(j = 0) from o-H2(j = 1)
through their helicities (the ﬁrst can only be found in the k= 0
state, the second can be found in k= 0 and k=1 states with
probabilities of 1/3 and 2/3); and on the assumption that the
reaction path for backward-scattering D + H2 reactions is
essentially collinear. Their conclusion was that the experimen-
tal observations can be attributed to diﬀering degrees of
participation of two quantum bottleneck states, associated
with helicity quantum numbers k = 0 or k = 1, in the
reaction dynamics. Their reasoning was as follows. If the
reaction path is essentially collinear, the transition state can
be characterized by three quantum numbers (vss, v
O
bend). For
scattering angles close to the backward direction, the helicity
quantum number, k, correlates to the vibrational angular
momentum quantum number (O) of the linear DHH(vss, v
O
bend)
quantum bottleneck state: k E O E k0. This implies that the
p-H2(j = 0) reaction proceeds only via the [0, 0
0] bottleneck
state, whereas the o-H2(j = 1) reaction proceeds also through
the [0, 11] bottleneck state. The higher threshold obtained for
Fig. 3 As for Fig. 2 but with k = 2.
Fig. 4 The quantum and quasiclassical helicity-dependent CRPs of
the D + H2 reaction at J = 2 (top) and J = 3 (bottom).
Fig. 5 Quantum (top) and quasiclassical (bottom) CRPs of the
D+H2 reaction at J=0–3 and k=0–3. Note that each plot includes
four curves for k= 0, three curves for k=1 and two curves for k=2.
The curves in each of these groups are nearly indistinguishable.
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k = 1 reactions as compared to k = 0 ones was attributed to
the higher internal energy of the DHH(0, 11) bottleneck state.
In later theoretical work,15,16 Skodje et al. have used quantum
calculations to extend their reasoning to higher k values and to
stress the relationship between the shift of the reaction thres-
hold with increasing k end increasing quantum bottleneck
energies.
Because of its reliance on the reagents helicity, this explana-
tion involves stereodynamical arguments. In the j=1 case, the
k= 0 value implies ‘‘cartwheel’’ and ‘‘helicopter’’ H2 rotation
and a head-on geometry for the D–H2 collision; in contrast,
k = 1 values imply ‘‘propeller’’ H2 rotation and a side-on
geometry for the D–H2 collision. In addition, due to the
collinear geometry of its transition state, one would expect
the reaction to be favored by head-on collisions rather than by
side-on collisions.
These latter observations, along with the good agreement
between quantum and quasiclassical CRPs and DRSs, lead us
to suggest that the emphasis should be placed on the reaction
stereodynamics rather than on quantum bottleneck states. An
important argument here is that the ‘‘ﬁngerprint’’ of the
quantum bottleneck states—the shift of the reaction threshold
with the reagent helicity quantum number—is also seen in
quasiclassical calculations, which do not involve quantized
transition states.
As shown in previous work,22,23 the agreement between the
quantum and quasiclassical descriptions of the stereodynamics
of the H3 family of reactions is excellent, and the two descrip-
tions can be rationalized in much the same way. The potential
energy surface of the H3 system favors collinear triatomic
arrangements, specially at energies immediately above the
reaction threshold. As the energy increases, stereodynamical
constraints are loosened and non-collinear arrangements start
to contribute to the reactivity. Note that the smaller the |k|
value, the closer to collinear is the collision geometry. This
implies (i) that, among all the helicity-dependent CRPs, the
one corresponding to k = 0 must have the lowest threshold,
and (ii) that the higher the |k| value, the further away from
collinear is the alignment of the internuclear axis of the reagent
diatomic, and consequently the higher the reaction thres-
hold is.
This, of course, is precisely what one observes when con-
sidering the problem in terms of CRPs, regardless of whether
these are determined with quantum or quasiclassical methods.
Indeed, the CRP is a quantity that is very well suited to this
type of analysis, for it makes the threshold shift immediately
obvious, cf. Fig. 4 and 5. (A problem that remains, however, is
how such theoretical ﬁndings can be tested against experi-
mental observation. This problem was addressed by Gustafs-
son et al.,15,16 who used a scaling factor to clearly show the
eﬀects of the k-dependence of the reaction threshold on
rotationally resolved reaction probabilities and diﬀerential
cross sections.)
The formulation of the CRP in terms of helicity states is also
useful for analysis of other aspects of reaction dynamics. A
noteworthy one, which has been recently examined by Bonnet
et al.,24 is the eﬀect of conservation of triatomic parity on
observable reaction properties. Those authors have attributed
the failure of quasiclassical calculations to reproduce sharp
peaks in the diﬀerential cross sections of insertion reactions
involving H2 molecules and excited atoms
25 to the fact that
QCT calculations do not comply with parity conservation
(prior to their analysis, this disagreement between quasi-
classical and quantum results was attributed to tunnelling).
As shown in section 2, when dealing with CRPs and DRSs
one can also use quasiclassical methods to study the depen-
dence of these quantities on parity. Furthermore, quasiclassi-
cal parity-dependent CRPs and DRSs can be directly
compared to their quantum counterparts. We show one such
comparison—for the D + H2 reaction at J = 3—in Fig. 6.
For this system, the most conspicuous prototype of a direct
reaction,26 the agreement between the quantum and quasi-
classical CRPs is again excellent. The general agreement
between the quantum and quasiclassical DRSs is also good,
although the quasiclassical curves are smoother than the
quantum ones. This good agreement between the two theore-
tical methods is not altogether surprising, for (as shown in
section 2) the parity-dependent formulation of CRPs and
DRSs is equivalent to the helicity-dependent formulation we
have discussed throughout the paper.
Although the eﬀects of diﬀering reagent helicities on reac-
tivity (and on the reaction threshold in particular) can be
rationalized in terms of the stereodynamical arguments given
above, the step-like structure of the quasiclassical CRPs (and
the corresponding DRS undulations) deserve additional com-
ments. We have indicated above that in our QCT calculations
we only consider discrete states through the usual pseudo-
quantization of the initial internal states of the reagents. As a
consequence, the appearance of structure in the quasiclassical
CRPs and DRSs must be attributed to the gradual incorpora-
tion of additional quantum states of reactants to the global
reactivity. The opening of new channels associated with
excited H2 states can certainly produce a step-like structure
Fig. 6 Quantum and quasiclassical I = 1 parity-dependent CRPs
(top) and DRSs (bottom) of the D + H2 reaction at J = 3.
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in the quasiclassical CRPs and DRS, and it can also be
responsible for the longer lived trajectories observed by Aoiz
et al. for certain values of the collision energy (see Fig. 10 of
ref. 17). Within this picture one needs not introduce an explicit
quantization of the transition state into the dynamics. The
initial (pseudo)quantization of reagents is, to a certain extent,
preserved as the reaction unfolds. Note, however, this impor-
tant point: although this ‘‘blurred memory’’ of the initial
quantum states can be responsible for the structures and
longer collision times observed in the quasiclassical data, it
cannot justify the sharp dependence of the reaction threshold
on the reagents helicity quantum number.
4. Summary and conclusions
In this article we have presented a quasiclassical trajectory
method for the calculation of cumulative reaction probabilities
and densities of reactive states by sampling of the helicity
quantum number of the reagents. This method and its quan-
tum counterpart have been applied to the D + H2 reaction at
various energies and total angular momenta.
We have found a good agreement between quantum and
quasiclassical CRPs and DRSs, which might be at ﬁrst sight
surprising, since the step-like structure of the CRPs and the
undulatory structure of the DRSs are usually linked to the
quantal structure of the transition state, not contemplated in
the quasiclassical treatment. Nevertheless, the pseudo-quanti-
zation of the reagents’ states used in the QCT method can give
rise to a classical analogue of a quantized transition state,
albeit without sharply deﬁned levels, if the adiabaticity of the
internal molecular motions is somehow preserved during the
reactive encounter.
The accordance between the classical and quantal CRPs is
particularly good with respect to the shift of the reaction
threshold with reagents helicity. Given the absence of sharply
deﬁned transition state threshold levels in the classical treat-
ment, the best way to reconcile the results from the two
theoretical approaches is to lay the emphasis on the stereo-
dynamical constraints, which are present in quasiclassical as
well as in quantum mechanical calculations.
Appendix A. Sampling of initial conditions at a
given J
In the absence of electronic and spin angular momenta, the
reagents helicity quantum number (k) is the quantum number
associated with the projection of the total (J) and rotational
angular momenta (j) of the reagents on Rcm, the vector from
the reagent atom (A) to the center of mass of the reagent
diatomic (BC). Since our trajectories are referred to a space-
ﬁxed frame whose Z axis lies along the initial relative
atom–diatom velocity vector (vrel), in practice, the trajectories
are initiated by sampling of MJ = mj (MJ and mj are the
projections of J and j onto vrel). The procedure is entirely
similar to that presented in ref. 17 and 19, except that
quantization of the orbital angular momentum is replaced
by quantization of the helicity.
With this sampling the reaction probability summed over
product states but resolved with regard to reagent state is
given by eqn (9).
The sampling method is therefore as follows. For each
trajectory with a given J value, the total energy is sampled
randomly and uniformly within the [E1, E2] interval. Once the
energy has been selected, the energetically accessible states are
determined and the initial BC rovibrational (v, j) state
randomly selected from the set of accessible states. Once the
(discrete and integer) J and j values have been determined, the
k value is uniformly sampled through integer values in the
minðJ; jÞ  k  minðJ; jÞ
range. This enables determination of the polar angles of the J
and j vectors (respectively, yJ and yj). As for the azimuthal
angles of these vectors in the space-ﬁxed frame (fJ and fj),
they are sampled randomly. Subsequently, the components of
the orbital angular momentum (c) are calculated as
‘X ¼ JX  jX ; ðA1aÞ
‘Y ¼ JY  jY ; ðA1bÞ
‘Z ¼ JZ  jZ ¼ 0: ðA1cÞ
Since c= Rcm  P, the X and Y components of Rcm are easily
obtained as
RX ¼ ‘Y=P; ðA2aÞ
RY ¼ ‘X=P; ðA2bÞ
where P (the modulus of P) equals PZ, for this is the only
nonzero component of P. As for RZ, it is calculated through
RZ ¼ ðR2cm  R2X  R2Y Þ1=2 ðA3Þ
where the negative sign results from the fact that vrel is chosen
to lie along the +Z axis.
The components of the vectors specifying the directions of
the BC internuclear axis (r) and the linear momentum perpen-
dicular to it (p>), are determined after random choice of the
third Euler angle (Zj) in the [0, 2p] interval. Application of eqn
(B8)–(B13) of ref. 19 completes the speciﬁcation of coordinates
and momenta necessary for propagation of the trajectory.
This procedure is in principle general for any value of J, j
and k. However, if J = 0, c and j are antiparallel, and yj is
equal to p/2 with fj(= p+ fc) randomly selected. Therefore,
for the determination of the components of r and p> it is
suﬃcient to chose Zj randomly. When j is equal to zero, it is
suﬃcient to sample randomly cos yj, fj and Zj.
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